The effect of localized roughness on a Ma=4.8 boundary-layer and its instability is investigated by means of unsteady direct numerical simulations. The occurrence of special flow features, such as shocks, boundary-layer separation zones, streamwise vortices and streamwise streaks behind a three-dimensional square-shaped roughness element are discussed. In order to investigate the convective instability of the boundary layer downstream of the roughness, the steady-state flow field with roughness element has been perturbed with a small-amplitude perturbation of fixed frequency upstream of the element. The transformation of a first-mode instability wave upstream of the roughness into a strongly growing localized perturbation downstream of the square-shaped roughness is observed. Preliminary results for an oblique roughness are compared to results obtained for the square-shaped roughness.
I. Introduction
Laminar-turbulent transition in supersonic boundary layers is relevant for a number of applications, including the heat-shield of vehicles (re-)entering a planetary atmosphere and the inlet to scramjet combustors for hypersonic cruise vehicles. This is true for both transition in the absence of any form of intentional forcing as well as for cases where transition is triggered or influenced by means of roughness elements. While transition is undesired on the heat shield due to an associated increase in temperature, it is desirable for scramjets to ensure proper mixing within the combustor. Prediction of the transition location is essential for vehicle design in both types of applications, and a necessary condition for an accurate prediction is an understanding of the physical mechanisms involved. Roughness can be classified as distributed or localized, an overview on roughness effects is given in Refs. 1, 2 for compressible transitional flow.
While a stationary roughness may significantly alter the boundary layer, it does not directly introduce any time-dependent perturbation into the flow. In order to induce turbulent flow which is inherently unsteady, such unsteady perturbation must be induced and amplified via additional mechanisms. While the roughness can activate new mechanisms, it my also alter existing ones as discussed in the following. First, a roughness can convert acoustic waves, present mainly in the free stream, into boundary-layer perturbations via a receptivity mechanism. Second, the roughness element may act on boundary-layer disturbances present in the boundary layer already upstream of the element. Convective amplification of these perturbations is typically increased in the wake of the roughness due to local boundary-layer deformation, which may persist or even increase far downstream. In this case, the roughness acts as an amplifier of boundary-layer disturbances. Finally, the roughness may also locally deform the flow so strongly that a region of absolute or global instability occurs. In this case, the roughness indirectly acts as an oscillator or wave maker, similar to the generation of vortices in the wake of a circular cylinder at subsonic speeds. Unlike for the cylinder, however, oscillations may originate already in front of the roughness if a sufficiently strong separation zone is present there. This paper is devoted to the second case in which the roughness acts as an amplifier.
Here, we are especially interested in the amplification process of unsteady perturbations behind the roughness. This first unsteady stage of the transition process, that is, the linear amplification of small-amplitude perturbations is not yet well understood for surfaces with localized three-dimensional roughness elements.
Several parameters control the way a roughness influences transition to turbulence, and hence a general classification of the types of roughness-induced transition is difficult. A classification may, nevertheless, be useful to guide fundamental investigations. Here, we suggest a classification which is based on how strong the roughness interacts with the mean flow. This mean flow is composed of the free stream and a boundary layer. we will distinguish between three different roughness regimes. A central parameter for this classification is the ratio of roughness height to local boundary-layer thickness.
The first regime is the linear roughness. In this case, the flow behind the roughness can be modeled based on a linearization around the steady state without roughness. This is justified for small roughness heights only, with a ratio of roughness height to local boundary-layer thickness much smaller than one. Transient growth theory 3 can be used to compute the perturbed steady-state flow field behind the roughness. Since the response of the flow can be computed for each spanwise mode independently, this computation does not require to consider the roughness as a localized object. Yet, the final resulting steady state may require to compute the sum over all spanwise modes and may therefore be local again. To cause flow unsteadiness and transition, the resulting streamwise streaks may give rise to a convective growth mechanism. In order to investigate convective unsteadiness, the flow field can be linearized around a state with saturated, finiteamplitude streaks.
The second regime is the localized roughness. In this case, boundary layer separation and weak shocks occur, but the roughness interacts with the boundary layer only. This may happen for not too tall roughness only, with a ratio of roughness height to local boundary-layer thickness still smaller than one. Due to the separation zones, linearization around a state composed of the boundary layer without roughness is hence not justified. Moreover, transient growth theory will be applicable far downstream of the roughness element but not in the vicinity of the element. Instead, numerical 4 or experimental 5 investigations are required to determine the number and strength of streamwise vortices emanating from the roughness. As in the linear roughness regime, flow unsteadiness and transition may still be the result of a convective growth mechanism. If true, it is meaningful to again linearize the flow field around a steady base state with streaks, justifying the use of theories to predict any convective instability. In this as well as in the previous roughness regime, the roughness acts as an amplifier.
In the third regime regime, the roughness can be characterized as obstacle. In this regime, the roughness interacts with both the boundary layer and the free stream flow. As a result, strong (bow) shocks and significant boundary-layer separation take place, requiring numerical or experimental investigations 6 to study this regime. It is not yet clear whether the origin of unsteadiness and transition is due to a convective or an absolute instability, i.e., whether we will observe the characteristics of an amplifier or an oscillator in this regime.
The objective of this paper is to present results from direct numerical simulation of supersonic laminar boundary layer with localized roughness element (second regime) for unperturbed and perturbed flow. The goal of these simulations is to improve our physical understanding of the effect of localized roughness on the boundary layer and the linear instability of this boundary layer with respect to unsteady perturbations downstream of the roughness.
II. Governing equations
The flow is governed by the time-dependent three-dimensional compressible Navier-Stokes equations. These equations are formulated for a calorically perfect gas. Non-dimensionalization is based on the free stream conditions (marked by ∞ ): a reference temperatureT ref = (γ ∞ − 1)T ∞ , densityρ ∞ , specific heat ratio γ ∞ =c p,∞ /c v,∞ , the speed of soundc ∞ , thermal conductivityk ∞ , viscosityμ ∞ , and a reference length L ref (all dimensional quantities are marked by˜). This results in the following set of equations for mass, momentum and energy conservation (in non-dimensional form):
with the total energy E, the viscous stress tensor σ ij and the heat flux vector q j :
The Reynolds number Re ∞ , Prandtl number P r ∞ , and Eckert number Ec ∞ are:
The Mach number M ∞ is computed with the streamwise velocity in the free streamũ ∞ and the speed of soundc ∞ , i.e. M ∞ =ũ ∞ /c ∞ . The system of equations is closed by an equation of state:
In this equation, R=R/c p,∞ is the gas constant:
For a calorically perfect gas, the specific heat c p ≡ 1, while k and µ depend on the temperature and are equal k = µ, and the latter is computed from Sutherland's law:
The internal energy e=h − p/ρ is given by:
III. Numerical method and geometry
Solutions to the compressible Navier-Stokes equations are obtained, applying sixth-order compact finitedifferences in the interior of the domain together with fourth order explicit Runge-Kutta time stepping. The basis for the numerical method is the algorithm described in Ref. 7 and 8. The numerical discretization is constructed on a structured grid using staggered variables. Shocks present in the solutions present here are very weak and could be treated by applying a high-order numerical filter.
The previous implementation of the simulation code did not contain the full three-dimensional metric terms. For instance, only metric tensors g ij and g ij (see Ref. 8) with i & j = 1, 2 were present in the simulation code. The code has been extended to use full three-dimensional metric tensors now. This extension required a significant amount of implementation, including new preprocessing routines to compute metric terms. For that reason, we verified the new version of the code against previously obtained results as reported below in § III.E.
III.A. Geometry and representation of the roughness element
The roughness geometries used here are rectangular type roughnesses with round edges. Relevant parameters defining the roughness geometry are the streamwise location of the center of roughness (x c ), the streamwise length of the roughness L x and the spanwise width of the roughness L z table 1 defines these parameters for our test cases. These parameters appear as coefficients in the equations formally defining the roughness shape as given below. They also include the roughness height h R and steepness parameter s R . The shape of the roughness is defined by the following analytical function: where y w specifies the distance from the plate surface. The height h z ≡ h R depends on the spanwise coordinate z:
Results for two-dimensional roughness (case I), h z ≡ h R , will be only used for reference here. A detailed investigation of a supersonic boundary layer with two-dimensional roughness can be found in Ref. 9 .
III.B. Discretization, integration domain, and boundary conditions
Free stream parameters are the same as in Ref. 9 and are given in table 2. The origin of the coordinate system is located at the leading edge of the flat plate, x = 0, with the inflow of the computational domain placed downstream of the leading edge at x if l .
The grid is uniformly spaced in streamwise direction x (N X points) and also in the periodic spanwise direction z (KZ points). As an example, the grid used in the simulation of the three-dimensional square roughness is visualized in figure 1 . In all cases, a grid stretching is applied in wall-normal direction according to the following formula, with κ=0.25 (case I) or κ=0.45 (case II) and m=1 . . . M Y :
At the inflow x if l , a self-similar solution is prescribed while the wall boundary condition (B.C.) at y bot is adiabatic with a no-slip condition. In the vicinity of the inflow, the outflow and in the free stream, the solution is damped towards the laminar self-similar solution.
III.C. Disturbance forcing
Disturbances of a fixed frequency are forced via blowing and suction at the wall upstream of the roughness element. The non-dimensional forcing frequency ω is defined as (f is the dimensional frequency):
The boundary condition at the wall is:
Forcing parameters, including x c,strip and L strip , for different frequencies and cases are given in (17) is replaced by A v ×cos(2π/λ z ×k ×z). The time step for the numerical simulation was specified based on the frequency of the disturbance forcing ω according to:
with LP = 500 for ω = 48. The same ∆t was used for other forcing frequencies. 
III.D. Post-processing: Fourier analysis in time
To analyze the instability of the boundary layer, results are Fourier transformed in time with a fundamental circular frequency Ω = ω/2. The corresponding discrete Fourier transform reads (here given only for the two-dimensional case, with i = √ −1):
where 50 samples are taken within two forcing periods, l is the sampling index and the discrete time is t l = 2/50 × LP × l∆t. The Fourier coefficientŝ hrm (x) is complex, with an amplitude |ŝ hrm |. The absolute value of the means corresponds to |ŝ 0 |, i.e., |ŝ 0 | = |s|. The computations are advanced long enough so that the subharmonic hrm = 1/2 is at least an order of magnitude smaller than the first harmonic, and thus demonstrating convergence towards a time-periodic state. Both the shear layers developing behind the square roughness (case II) as well as disturbance amplitudes are largely localized in planes of constant x. Therefore, the flow field is not Fourier transformed in the spanwise direction in spite of the periodicity in spanwise direction. An exception is the three-dimensional perturbed simulation with two-dimensional roughness (case I) used for verification, in which the flow field was also Fourier transformed in z yielding spanwise harmonics k.
Only results for the first time harmonic (hrm = 1) will be considered here. The streamwise disturbance amplification is quantified using wall-normal maxima of the amplitudes of a disturbance quantityŝ 1 , which are computed as:ŝ 
III.E. Verification
Several test cases have been run in order to verify the new implementation. Results for a two-dimensional bar roughness are compared with those obtained from a finite-volume based method, which have been reported in Ref. 9 . Although the previously absent metric terms should be very small for purely two-dimensional geometries, this is nevertheless a useful test case to ensure that the influence is indeed negligible. Parameters defining the two-dimensional bar roughness are given in table 1, case I. Disturbance forcing is applied using parameters given in table 3. In this case, we observe a perfect agreement of results obtained using the new implementation with the results reported in Ref. 9 , for both a two-dimensional disturbance (obtained from a two-dimensional simulation) and three-dimensional disturbance (from a three-dimensional simulation) as it can be seen in figure 2.
Steady-state results for a three-dimensional symmetric square roughness, case II in table 1, are compared with the results of the finite-volume based method reported in Ref. 11 . These comparisons are given in figures 4, 5, 8, and 9. Overall, the agreement is very good. Strongest differences can bee seen in the temperature close to the roughness ( figure 4(b) ). The reason for these differences is not yet clear.
IV. Simulation results

IV.A. Steady-state laminar boundary layer with three-dimensional roughness
Several features otherwise absent in the steady-state boundary layer are caused by the presence of a roughness element. Specifically, we have shocks and separation zones, streamwise vortices and streamwise streaks. These features will be discussed in the following.
IV.A.1. Shocks and separation zones
The three-dimensional roughness element causes a compression of the flow followed by an expansion, which again is followed by a compression. For the two-dimensional roughness, only the final compression causes a weak oblique shock. 9 In case of the three-dimensional roughness, also the first compression induces a shock. The reason for this difference lies in the different sizes of the separation zone in front of the roughness. The separation bubble in front of the two-dimensional roughness is considerably longer, causing a more gradual increase in pressure without abrupt change in flow direction. The separation region downstream of the three-dimensional roughness is longer than for the two-dimensional roughness. For the three-dimensional roughness, both the front and aft separation regions occur in spanwise locations where the roughness element is placed. Hence, the shock regions are mostly confined to spanwise planes which cut the three-dimensional roughness (figure 3). Mean-flow profiles in the vicinity of the three-dimensional roughness are depicted in figure 4 and figure 5 . The separation regions in the vicinity of the roughness are visualized by contoursū = 0 in figure 5(a) .
IV.A.2. Streamwise vortices
The strongest difference between the flow with a two-dimensional and a three-dimensional roughness, comes from streamwise vortices that are created only by the three-dimensional roughness (figure 6). In order to better understand the flow dynamics in the vicinity of the roughness, Ref. 12 suggested to distinguish between three vortex pairs. In front of the roughness, we see the upstream part of a horseshoe vortex ( figure  6 ). Further downstream, a counterrotating pair with the same direction of rotation is seen, suggesting that it results from the horseshoe vortex. This vortex pair resides far away from the roughness centerline. Closer to the centerline we can observe another vortex pair, rotating in the opposite sense and probably emanating from the downstream top edges of the roughness. This top-edge or main vortex pair is both the strongest and most persistent vortex pair. Ref. be located on top of the aft separation zone. Here, this pair of vortices is absent most likely due to the limited spanwise extent of the roughness. Streamwise vortices can also be visualized by means of velocity vectors in a plane x = const. behind the roughness (figure 7). The vortex pattern is consistent with the sketch provided in figure 19 of Ref. 13 .
IV.A.3. Streamwise streaks
The streamwise vortices described above cause a region of low streamwise velocity in the center, i.e., a low-speed streak (figure 8a). Moreover, regions of high velocity occur on both sides of the low-speed streak. The low-speed streak is also a region of low density (figure 8d) and high temperature (figure 8e). The low-speed streamwise streak originates as the wake of the roughness, but further downstream it is feed by a positive wall-normal velocity component around z = 0 (figure 8b) via the lift-up effect. It is characteristic for this effect, as known from studies of transient growth 14, 15 and Görtler instability, 16, 17 that the wall-normal velocity is significantly smaller than the streamwise velocity component. Contours of the wall-normal and spanwise velocity components ( figure 8b and c) confirm the presence of two pairs of vortices described earlier, with their respective centers located at |z| < 0.2 and |z| > 0.2. Without time-dependent forcing, a steady state was reached suggesting that the flow is convectively unstable only. The distortion of the flow field persists further downstream (figure 9 Table 4 . Coefficients defining the shape of an oblique roughness.
IV.B. Perturbed laminar boundary layer with three-dimensional roughness
In order to investigate the instability of the boundary layer with roughness, a small-amplitude (linear) disturbance wave is triggered upstream of the element. The forcing frequency, F = 0.4 × 10 −4 , has been selected based on theoretical results. 12, 18 The choice of the spanwise wave number has been guided by a linear stability analysis of the unperturbed boundary layer upstream of the roughness, figure 10(a) . In the figure, frequency and spanwise wave number selected for forcing are indicated by blue lines (for the present perturbation β r = 0.123 at R x = 1180). As it can be seen in the stability diagram, the perturbation is slightly amplified even in the absence of roughness, i.e., it is an amplified first mode. The resulting streamwise amplification downstream of the disturbance strip is depicted in figure 10(b) . As it can be seen in the figure, the perturbation grows strongly downstream of the roughness. Figures 11, 12, and 13 show the resulting amplitude function in front of and behind the roughness, together with the corresponding mean flow. These figures illustrate how the first-mode disturbance in front of the roughness, composed of a single spanwise wave (with k = 2), transforms into a perturbation which is localized in the spanwise direction (involving multiple harmonics k) downstream of the roughness.
IV.C. Preliminary results for a perturbed laminar boundary layer with three-dimensional oblique roughness
Simulations have been performed for an oblique roughness. Result obtained for this case should be considered as preliminary, since a full verification remains to be done. Parameters defining the roughness shape are given in table 4. The roughness is rotated by α = 45 o with respect to the mean-flow direction and therefore possesses an oblique (asymmetric) shape. The grid used for this simulation is depicted in figure 14 . In this case, grid stretching has been applied in all three dimensions.
Unlike in the case of the square roughness, one leg of the separation zone vortex, located on top of the aft separation zone, is visible ( figure 15 ). It is co-rotating with the stronger leg of the main vortex, which is also the only leg visible of the main vortex pair. Further downstream, the two vortices approach each other, and eventually they merge. Hence, if the roughness is asymmetric, the one vortex (of the pair) that emanates from the front end of the roughness is stronger than the one from the rear end, for both the main vortex and the separation vortex. The front separation zone is located close to the windward point of the roughness, while the downstream separation region is located close to the downstream end of the element.
As before, a small-amplitude time-harmonic disturbance has been introduced upstream of the roughness. Figure 16 depicts the resulting amplitude function behind the roughness, together with the corresponding mean flow. Again, the amplitude function possesses largest values in locations with strong shear layers.
V. Conclusions
An investigation of a supersonic boundary layer with localized roughness has been carried out. The following characteristic features of the steady-state flow field were observed in the boundary layer deformed by a roughness. Close to the roughness element, both upstream and downstream of the element regions of adverse pressure gradient (pressure rise) develop. They cause boundary-layer separation close to the wall and weak shocks in the free stream, respectively. Behind the roughness, more than one vortex pair can be observed. For the square roughness investigated here, two pairs were visible: a top-edge vortex pair probably emanating from the downstream top edges of the roughness, and a horseshoe vortex pair likely wrapping around the foot of roughness. These pairs of vortices are responsible for causing a characteristic pattern of low-speed and high-temperature streaks downstream of the roughness.
The streaks introduce new spanwise and wall-normal shear layers, which are responsible for an additional convective instability not present in the boundary layer without roughness. The instability is localized in spanwise direction in the areas of high shear and could be excited by means of disturbance forcing with a fixed frequency upstream of the roughness. Disturbance amplitude functions possess a maximum in the regions of high shear. Results obtained for an oblique roughness have been presented here but should be considered as preliminary. 
